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A DISCRETENESS CRITERION FOR GROUPS CONTAINING
PARABOLIC ISOMETRIES
VIVEKA ERLANDSSON AND SAEED ZAKERI
Abstract. This note will prove a discreteness criterion for groups of orientation-
preserving isometries of the hyperbolic space which contain a parabolic element. It
can be viewed as a generalization of the well-known results of Shimizu-Leutbecher
and Jørgensen in dimensions 2 and 3, and is closely related to Waterman’s inequality
in higher dimensions. Unlike his algebraic method, the argument presented here is
geometric and yields an improved asymptotic bound.
1. Preliminaries
We will need a few basic facts about the hyperbolic space and its isometries, as
well as the notion of the Margulis region associated with parabolic fixed points. Most
of this material is standard and can be found, for example, in [2], [6], and [9].
Throughout we will use the upper half-space model for the n-dimensional real
hyperbolic space:
Hn = {x = (v, t) : v ∈ Rn−1, t > 0}.
The extended boundary ∂Hn ∼= Rn−1 = Rn−1 ∪ {∞} is homeomorphic to the sphere
of dimension n − 1, with the closure Hn = Hn ∪ Rn−1 homeomorphic to the closed
n-ball. The hyperbolic metric (dv2 + dt2)/t2 on Hn induces the distance ρ(·, ·) which
satisfies
(1) cosh(ρ(x, xˆ)) = 1 +
‖x− xˆ‖2
2ttˆ
(x, xˆ ∈ Hn).
Here ‖ · ‖ is the Euclidean norm in Rn and t, tˆ are the heights of x, xˆ.
We denote by Isom+(Hn) the group of orientation-preserving isometries of Hn with
respect to hyperbolic metric. Every element of Isom+(Hn) extends continuously to
a Mo¨bius map acting on Rn−1. Conversely, the Poincare´ extension of every Mo¨bius
map of Rn−1 is an element of Isom+(Hn). It follows that Isom+(Hn) is canonically
isomorphic to the group Mo¨b(n − 1) of orientation-preserving Mo¨bius maps acting
on the (n − 1)-sphere. For each g ∈ Isom+(Hn), the fixed point set fix(g) = {x ∈
Hn : g(x) = x} is non-empty. A non-identity g is elliptic if fix(g) intersects Hn,
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loxodromic if fix(g) consists of two distinct points on Rn−1, and parabolic if fix(g)
consists of a unique point on Rn−1. In the last case, one can always assume fix(g) =
{∞} after a conjugation. The parabolic isometry g will then have the normal form
(2) g : (v, t) 7→ (Av + a, t) (v ∈ Rn−1, t > 0),
where A ∈ SO(n−1) and a ∈ Rn−1 is non-zero. The conjugacy class of A in SO(n−1)
is uniquely determined by g. We call g a pure translation if A = I, and a screw
translation if A 6= I. A screw translation is rational if A has finite order, and is
irrational otherwise. When n = 4, these correspond to the cases where the angle
of rotation of A ∈ SO(3) about its axis is a rational or irrational multiple of 2pi.
Note that screw translations can exist only when n ≥ 4. This is because for every
non-identity A ∈ SO(2) the matrix A− I is invertible, so the map v 7→ Av + a has a
finite fixed point at −(A− I)−1a.
Let Γ ⊂ Isom+(Hn) be a discrete group containing a parabolic element which fixes
∞. Denote by Γ∞ the stabilizer subgroup {g ∈ Γ : g(∞) =∞}. Since Γ∞ is discrete,
it cannot contain loxodromic elements [2, Lemma D.3.6], so every element of Γ∞ is
either parabolic or a finite-order elliptic. For a fixed ε > 0, define the Margulis
region associated with Γ∞ by
T = {x ∈ Hn : ρ(g(x), x) < ε for some parabolic g ∈ Γ∞}.
It is easy to see that T is a non-empty domain having ∞ on its boundary.
Furthermore, when ε is small enough (less than the Margulis constant of Hn), T
is precisely invariant under the action of Γ∞ in sense that{
h(T ) = T if h ∈ Γ∞
h(T ) ∩ T = ∅ if h ∈ Γr Γ∞
(see [3, Lemma 2.3]). The explicit description of T is quite intricate and depends both
on the algebraic structure of Γ∞ and the Diophantine properties of the corresponding
rotation subgroup of SO(n− 1). Fortunately, it will be sufficient for our purposes to
work with a subdomain of T which is easier to describe. Take a parabolic element
g ∈ Γ∞ and consider the domain
Tg = {x ∈ Hn : ρ(gi(x), x) < ε for some i ∈ N}.
Clearly, Tg ⊂ T so we still have the property
(3) h(Tg) ∩ Tg = ∅ if h ∈ Γr Γ∞.
By the distance formula (1), the condition ρ(gi(x), x) < ε on x = (v, t) ∈ Hn is
equivalent to
‖gi(v)− v‖2
2t2
< cosh(ε)− 1
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or
t > c(ε) ‖gi(v)− v‖, where c(ε) = 1√
2 cosh(ε)− 2 .
If we define the sequence of functions {ug,i : Rn−1 → R}i∈N by
(4) ug,i(v) = c(ε) ‖gi(v)− v‖
and the boundary function Bg : Rn−1 → R by
(5) Bg(v) = inf
i∈N
ug,i(v),
it follows that
(6) Tg = {(v, t) ∈ Hn : t > Bg(v)}.
The geometry of Tg is of interest to us only when g is an irrational screw translation
since otherwiseBg is a bounded function and Tg contains a precisely invariant horoball
based at ∞. To see this, consider the normal form (2) for g. After conjugating
by a translation, we may assume Aa = a. Consider the A-invariant orthogonal
decomposition
Rn−1 = E ⊕ E⊥,
where E = {v ∈ Rn−1 : Av = v}. Splitting v ∈ Rn−1 accordingly as v = w + w⊥, we
see that
gi(v)− v = Aiv + ia− v = (Ai − I)w⊥ + ia,
hence
‖gi(v)− v‖2 = ‖(Ai − I)w⊥‖2 + i2‖a‖2
since ia ∈ E is orthogonal to (Ai − I)w⊥ ∈ E⊥. It follows that
(7) ug,i(v) = c(ε)
(‖(Ai − I)w⊥‖2 + i2‖a‖2)1/2 .
Now if g is a pure or rational screw translation, (5) and (7) imply that
(8) Bg(v) ≤ c(ε) i‖a‖, where i ∈ N is the order of A
(equality holds for all v if i = 1, and for all v with large ‖w⊥‖ if i > 1). In this case,
the description (6) shows that Tg, hence the Margulis region T , contains the horoball
{(v, t) ∈ Hn : t > c(ε) i‖a‖}
based at ∞, which is easily seen to be precisely invariant under the action of Γ∞.
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2. The Criterion
We will use the geometry of the Margulis region to prove a discreteness criterion for
subgroups of Isom+(Hn) containing parabolic isometries. Our result can be viewed
as a generalization of the well-known results of Shimizu-Leutbecher [7] and Jørgensen
[4] in dimensions 2 and 3 which give a uniform bound on the radii of the isometric
spheres of elements in a discrete group which move the parabolic fixed point ∞. In
higher dimensions, Ohtake [5] has shown that no such uniform bound exists in the
presence of an irrational screw translation. In [10], Waterman obtains a bound on
the radii of the isometric spheres as a function of the Euclidean distance that their
centers move under the parabolic isometry (see (10)). Our result similarly bounds
the radii in terms of the centers of the isometric spheres.
Let us first recall some basic facts about isometric spheres. Consider a map h ∈
Mo¨b(n − 1) with h(∞) 6= ∞, and let v = h−1(∞), v′ = h(∞). It is not hard
to check that h maps each Euclidean sphere S(v,R) = {w ∈ Rn−1 : ‖w − v‖ =
R} to a Euclidean sphere S(v′, R′). Here R 7→ R′ is a decreasing function, with
limR→0R′ =∞ and limR→∞R′ = 0. Hence there is a unique radius Rh > 0 such that
h(S(v,Rh)) = S(v
′, Rh). We call S(v,Rh) the isometric sphere of h and denote it
by Sh. The map h : Sh → Sh−1 is a Euclidean isometry, and Rh = Rh−1 . Moreover, h
maps the interior (resp. exterior) of Sh to the exterior (resp. interior) of Sh−1 .
If h ∈ Isom+(Hn) with h(∞) 6=∞, we consider its boundary map hˆ ∈ Mo¨b(n− 1)
and define the isometric sphere Sh as the convex hull of the isometric sphere of hˆ,
that is, the upper hemisphere in Hn with the same center and radius as those of Shˆ.
The center of Sh lies on Rn−1, so it has coordinates (vh, 0) ∈ Rn−1 × {0}. The north
pole Nh of Sh has coordinates (vh, Rh). Since h(vh, 0) = ∞ and h(∞) = (vh−1 , 0),
h carries the vertical geodesic through (vh, 0) isometrically to the vertical geodesic
through (vh−1 , 0). It follows in particular that h(Nh) = Nh−1 .
Theorem 1 (Discreteness Criterion). Suppose g, h ∈ Isom+(Hn), g is parabolic with
g(∞) =∞, and h(∞) 6=∞. If the group generated by g, h is discrete, then
(9) Rh ≤
(
Bg(vh) Bg(vh−1)
)1/2
.
Proof. For convenience we drop the subscript h from our notations and denote the
quantities associated with h−1 with a minus sign. There is nothing to prove if R ≤
Bg(v) and R ≤ Bg(v−), so let us assume that R > Bg(v) (the case R > Bg(v−)
is similar). The vertical geodesic segment σ from the north pole N = (v,R) down
to (v,Bg(v)) lies in Tg and has hyperbolic length log(R/Bg(v)) (see Fig. 1). The
image h(σ) is the vertical geodesic segment from N− = (v−, R) up to (v−, t) for
some t, and has the same length as σ. It follows that log(t/R) = log(R/Bg(v)), or
R2 = Bg(v)t. Let Γ be the group generated by g, h, and Γ∞ be the stabilizer of ∞
in Γ. Since h ∈ ΓrΓ∞, we have h(Tg)∩ Tg = ∅ by (3). In particular, the image h(σ)
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Figure 1. Proof of Theorem 1
Sh Sh−1
Tg
(v, 0)
(v,Bg(v))
σ
N
(v−, 0)
h(σ)
N−
(v−, t)
h
must be disjoint from Tg. This shows t < Bg(v−), and proves the required inequality
R2 < Bg(v)Bg(v−). 
A few comments on Theorem 1 are in order. First, suppose g : (v, t) 7→ (Av + a, t)
is a pure or rational screw translation, with Ai = I, so (8) holds. Then (9) yields the
uniform bound
Rh ≤ c(ε) i‖a‖.
This is off by a factor of c(ε) compared to the optimal inequality of Shimizu-
Leutbecher in dimension 2, generalized by Waterman to higher dimensions. For
example, let g be the unit translation (v, t) 7→ (v + 1, t) in H2 and suppose g, h
generate a torsion-free Fuchsian group. The optimal Margulis constant in this case is
known to be sinh−1(1) [11], so the above inequality reduces to
Rh ≤ c(ε) ≤ 1√
2 cosh(sinh−1(1))− 2
=
1√
2(
√
2− 1)
≈ 1.0986,
which should be contrasted with the optimal inequality Rh ≤ 1.
The real advantage of (9) becomes apparent when g is an irrational screw
translation. Waterman’s result in Hn [10, Theorem 8] is the inequality
(10) Rh ≤ Kg ‖g(vh)− vh‖1/2 ‖g(vh−1)− vh−1‖1/2,
where Kg ∈ [1, 2] is an explicit constant depending on the rotational part A of g. He
derives this via a purely algebraic argument based on Clifford matrix representation of
Mo¨bius maps, and assuming A is close enough to the identity. Ignoring this restriction
for a moment, replacing g by the iterate gi in (10), and using the definition of the ug,i
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in (4), one obtains
(11) Rh ≤ 2
c(ε)
(
ug,i(vh) ug,i(vh−1)
)1/2
(i ∈ N).
Our geometric approach in Theorem 1, in effect, replaces each factor on the right side
of this inequality with its infimum over i ∈ N. Up to a constant, this would be the
improved bound (9).
To get a sense of asymptotics in these inequalities, let us express them in terms of
how far the centers vh, vh−1 are from the subspace E on which g : (v, t) 7→ (Av+ a, t)
acts as a translation. Take, as before, the decomposition v = w + w⊥, so ‖w⊥‖ is
the Euclidean distance of v to E. By (7), ug,i(v) depends only on w
⊥. Hence, the
quantity
u˜g,i(r) = sup
‖w⊥‖=r
ug,i(v)
is well-defined and given by
u˜g,i(r) = c(ε)
(‖Ai − I‖2r2 + i2‖a‖2)1/2 .
In particular,
(12) u˜g,i(r) = O(r) as r →∞.
If we set
B˜g(r) = inf
i∈N
u˜g,i(r),
then Bg(v) ≤ B˜g(r) whenever ‖w⊥‖ = r. Since
B˜g(r)
r
≤ u˜g,i(r)
r
= c(ε)
(
‖Ai − I‖2 + i
2‖a‖2
r2
)1/2
,
it follows that
lim sup
r→∞
B˜g(r)
r
≤ c(ε) ‖Ai − I‖ for every i ∈ N.
By compactness of SO(n − 1), there is a sequence ik → ∞ for which Aik → I as
k →∞. This proves
(13) B˜g(r) = o(r) as r →∞.
Thus, if rh = ‖w⊥h ‖ denotes the distance of vh to the subspace E, Waterman’s
inequality (11) together with (12) lead to the bound
(14) Rh = O(
√
rh rh−1),
while (9) together with (13) give the sharper bound
(15) Rh = o(
√
rh rh−1)
as rh, rh−1 →∞.
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3. The 4-dimensional case
The preceding analysis takes a much simpler form in H4, the space of lowest
dimension in which screw translations exist. Let Γ be a discrete subgroup of
Isom+(H4) containing a parabolic isometry which fixes ∞. As noted above, the only
interesting case for us is when the stabilizer Γ∞ contains no pure or rational screw
translations. In this case, if Γ∞ is torsion-free, it must be infinite cyclic [3].
We will use the cylindrical coordinates v = (r, θ, z) on the boundary of H4. Pick an
irrational screw translation g in Γ∞. After a conjugation, we can put g in the normal
form
(16) g(r, θ, z, t) = (r, θ + 2piα, z + 1, t)
with α irrational. Thus, the rotational part A ∈ SO(3) of g keeps the z-axis invariant
and rotates in the (r, θ)-plane by an angle 2piα. Note that for each i ∈ N the restriction
of Ai− I to the (r, θ)-plane is a conformal linear map, so the functions ug,i and hence
the boundary function Bg depend only on r. It follows that in this case, u˜g,i = ug,i
and B˜g = Bg.
It is easy to see that r 7→ Bg(r) is strictly increasing and piecewise smooth. The
asymptotic behavior of Bg(r) as r → ∞ turns out to depend on the arithmetical
properties of α determined by its continued fraction expansion (see [8] and [3]). In a
recent work, we have investigated this dependence to prove the following result:
Theorem 2 ([3]). For every irrational α, the boundary function Bg associated with
the parabolic isometry (16) satisfies the asymptotically universal upper bound
Bg(r) ≤ const. r1/2 for large r.
If α is Diophantine of exponent ν ≥ 2, then Bg satisfies the lower bound
Bg(r) ≥ const. r1/(2ν−2) for large r.
The upper bound is asymptotically universal in the sense that the constant involved
is independent of α. In fact, a quantitative version of this result shows that
sup
α
lim sup
r→∞
Bg(r)√
r
< 1,000.
On the other hand, there are irrationals α of Liouville type for which Bg has
arbitrarily slow growth over long intervals [3].
The upper bound Bg(r) = O(
√
r) of Theorem 2 is a sharper version of (13). In
the context of our discreteness criterion in Theorem 1, it yields the bound
(17) Rh = O( 4
√
rh rh−1)
as rh, rh−1 →∞, which is a sharper version of (15).
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It is not hard to construct 2-generator groups of isometries of H4 that are
demonstrably non-discrete by (17), for which Waterman’s criterion (14) remains
inconclusive: In the Cartesian coordinates (x, y, z) of R3, let a = (r, 0, 0) for some
r > 0. Let γ be the Euclidean isometry (x, y, z) 7→ (−x + 2r, y, z), and let η be
the reflection in the sphere S(a, r2/3). Define h = ηγ ∈ Mo¨b(3) and extend it to
an isometry of H4. Then h(∞) = h−1(∞) = a, and h maps S(a, r2/3) isometrically
to itself. Hence vh = vh−1 = a, rh = rh−1 = r, and Rh = r
2/3. If r is chosen
sufficiently large, the group generated by h and the parabolic g in (16) cannot be
discrete, for otherwise (17) would imply Rh = O(r
1/2). However, since Rh = O(r),
this non-discreteness is not detected by (14).
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